Based upon the formalism recently developed by one of us (MS), we analytically perform the post-Newtonian expansion of gravitational waves from a test particle in circular orbit of radius r 0 around a Schwarzschild black hole of mass M . We calculate gravitational wave forms and luminosity up to v 8 order beyond Newtonian, where v = (M/r 0 ) 1/2 . In particular, we give the exact analytical values of the coefficients of ln v terms at v 6 and v 8 orders in the luminosity and confirm the numerical values obtained previously by the other of us (HT) and Nakamura. Our result is valid in the small mass limit of one body and gives an important guideline for the gravitational wave physics of coalescing compact binaries.
Introduction
Among the possible sources of gravitational waves, coalescing compact binaries are the most promising candidates which can be detected by the near-future laser interferometric gravitational wave detectors such as LIGO [1] and VIRGO [2] . One reason is that we expect such events to occur 3/yr within 200Mpc [3] . The other reason is that we expect enough amplitude of gravitational waves to be detected by LIGO and VIRGO if such events occur.
Gravitational radiation from coalescing compact binaries contains rich information about physics of neutron stars, cosmological parameters, a test of general relativity and so on. Such information can be extracted out from the gravitational wave form by the matched filtering technique, that is, by cross-correlating the incoming noisy signal with theoretical templates. If the signal and the templates get out of phase with each other by one cycle as the waves sweep through the LIGO/VIRGO band, their cross correlation will be significantly reduced. This means that it is important to construct theoretical templates which are accurate to better than one cycle during entire sweep through the LIGO/VIRGO band [4] . Thus, much effort has been recently made to construct accurate theoretical templates [5, 6, 7, 8, 9] .
To construct theoretical templates, the post-Newtonian approximations are usually employed to solve the Einstein equations. However, based on numerical calculations of the gravitational radiation from a particle in circular orbit around a non-rotating black hole, Cutler et al. [10] showed that evaluation of the gravitational wave luminosity to a postNewtonian order much higher than presently achieved level will be required to construct the templates. Then in order to find out the necessary post-Newtonian order, the same problem was investigated by Tagoshi and Nakamura [11] with much higher accuracy. They calculated the coefficients of the post-Newtonian expansion of the gravitational wave luminosity to (post) 4 -Newtonian order (i.e.,O(v 8 ) beyond Newtonian) and concluded that the accuracy to at least (post) 3 -Newtonian order is required for the construction of theoretical templates. In addition, they found logarithmic terms in the luminosity at (post) 3 and (post) 4 -Newtonian orders. It is then highly desirable to reproduce these results in a purely analytical way, that is, to derive the exact analytical expressions for the coefficients of the post-Newtonian expansion. Poisson [13] first developed such a method and calculated the luminosity to O(v 4 ). Then extending Poisson's method, a more systematic method was developed by Sasaki [12] (hereafter Paper I) and analytical expressions for the ingoing-wave ReggeWheeler functions X in ℓω were derived with the accuracy required to calculate gravitational wave forms and luminosity up to O(v 8 ) beyond Newtonian. There it was also shown that as long as we are concerned with the radiation going out to infinity, the effect of the presence of the black hole horizon does not appear until we calculate to an extremely higher order, O(v 18 ). Hence the expansion of X in ℓω can be used in a situation in which there is a non-rotating compact star instead of a black hole.
In this paper, using the result obtained in Paper I, we calculate analytical expressions for the gravitational wave forms and luminosity from a particle in circular orbit around a Schwarzschild black hole to O(v 8 ) beyond Newtonian. This paper is organized as follows. In section 2, we show the general formulae and conventions used in this paper. In section 3, we first briefly review the result of Paper I and discuss the relation between the ReggeWheeler and Teukolsky functions with emphasis on the consistency of the post-Newtonian orders in the conversion formula. In section 4, we present the analytical expressions for the gravitational wave forms and luminosity to O(v 8 ) beyond Newtonian and compare the result with that of Tagoshi and Nakamura [11] . We find an extremely good agreement between the two. In section 5, applying our result of the luminosity formula, we discuss the effect of the higher order post-Newtonian terms to the accumulated phase of gravitational waves from coalescing compact binaries. Section 6 is devoted to conclusion. Throughout the paper we use geometrized units, c = G = 1.
General formulation
We consider the case when a test particle of mass µ travels a circular orbit around a Schwarzschild black hole of mass M >> µ. We mostly follow notation used by Poisson [13] , but for definiteness, we recapitulate necessary formulae and definitions of symbols in this section.
To calculate the gravitational wave forms and luminosity, we consider the inhomogeneous Teukolsky equation [14, 15] ,
where
and T ℓmω is the source term whose explicit form will be given in Eq.(7) below. We solve Eq.(1) by the Green function method. For this purpose, we need a homogeneous solution R in ℓω (r) of Eq.(1) which satisfies the following boundary condition,
where r * = r + 2M ln(r/2M − 1). Then the outgoing-wave solution of Eq.(1) at infinity with the appropriate boundary condition at horizon is given by
In the case of a circular orbit, the specific energyẼ and angular momentumL of the particle are given byẼ
where r 0 is the orbital radius. The angular frequency is given by Ω = (M/r
where δ(r) is the Dirac delta function and ′ = d/dr. The coefficients s b ℓm are given by
where s Y ℓm (θ, ϕ) are the spin-weighted spherical harmonics. From Eqs. (4) and (7), we see thatZ ℓmω takes the form,Z
We note the symmetry, Z ℓ,−m = (−1) ℓZ ℓm , which may be seen from Eqs. (8), (10) and the symmetry of the spin weighted spherical harmonics, s Y ℓm (π/2, 0) = (−1)
In terms of the amplitudes Z ℓm , the gravitational wave form at infinity is given by
and the luminosity is given by
where ω = mΩ. 
It is known that this equation is obtained by transforming R ℓω as [17, 18] 
Conversely, we can express X ℓω in terms of R ℓω by the inverse transformation formula as 
3 Post-Newtonian expansion of the Teukolsky function
Method
In Paper I, the post-Newtonian expansion of the ingoing-wave Regge-Wheeler functions X in ℓω was formulated and they were calculated to O(ǫ 2 ) where ǫ ≡ 2Mω. In this subsection we briefly review the method.
We rewrite the homogeneous Regge-Wheeler equation as
where z = wr, z * = z + ǫ ln(z − ǫ) and we have suppressed the index ω since it is trivially absorbed in ǫ and z. Note that for ω = mΩ, ǫ = 2mv 3 and z = mv at r = r 0 . Hence the post-Newtonian expansion corresponds to expanding X in ℓ with respect to ǫ and evaluating X in ℓ at z ≪ 1 as well as A in ℓ to required orders in ǫ. Now setting
we find that Eq.(19) becomes
Thus expanding ξ ℓ with respect to ǫ as
we obtain the recursive equations,
First for n = 0, we have ξ
where j ℓ and n ℓ are the usual spherical Bessel functions. The boundary condition is that ξ (0) ℓ be regular at z = 0 [13, 12] . Hence β (0) = 0 and for convenience we set α (0) ℓ = 1. For n ≥ 1, we rewrite Eq.(23) in the indefinite integral form,
If the above indefinite integrals can be explicitly performed, it is easy to obtain ξ (n) ℓ with a desired boundary condition. In Paper I, it is shown that this is indeed the case for n = 1 and 2, and the boundary condition is that ξ (n) ℓ be also regular at z = 0 at least for n ≤ 3. We then find for n = 1,
where Ci(x) = − ∞ x dt cos t/t and Si(x) = x 0 dt sin t/t are the cosine and sine integral functions, respectively, and α (1) ℓ is an arbitrary integration constant which represents the arbitrariness of the normalization of X in ℓ . We set α (1) ℓ = 0. As for n = 2, closed analytical expressions of ξ (2) ℓ for ℓ = 2, 3 and 4 can be found in Paper I, §4.2. To obtain X in ℓ from ξ ℓ is straightforward. Decomposing the real and imaginary parts of ξ
we find the imaginary parts g (n) ℓ are given by
These relations confirm that X in ℓ is real at least up to O(ǫ 2 ). In fact, inserting Eq.(27) into Eq. (20) and expanding the result with respect to ǫ by assuming z ≫ ǫ, we find
Calculation
Once we have closed analytical expressions of ξ in ℓ , A in ℓ can be readily obtained by gathering all the coefficients of leading terms proportional to e −iz /z from the asymptotic forms of ξ ℓ at z = ∞. The explicit forms of A in ℓ from ℓ = 2 to 4 which are correct up to ǫ 2 order are given by
For ℓ ≥ 5, explicit forms of A in ℓ which are valid up to order O(ǫ) are given by
As discussed in Paper I, and will be mentioned below, the above formulae are what we all need for A in ℓ in order to calculate the wave forms and luminosity to O(v 8 ) beyond Newtonian.
In addition to A in ℓ , we need the series expansion formulae of X in ℓ at z ≪ 1. To clarify their required orders of accuracy, we first consider the qualitative behavior of X in ℓ as z → 0. We find
The above result tells us the accuracy of X in ℓ needed to achieve O(v 8 ) beyond Newtonian. For convenience, we set
First, note that we must calculate
to O(z 5 ) and X 6 . With the bondary condition that these be regular at z = 0, and using Eq.(25) with n = 2 and Eq.(26), They can be easily calculated. We find
where possible ambiguities due to the choice of integration constants appear only at O(z 6 ) and O(z 7 ), respectively, hence do not affect the coefficients of the leading terms, as it should be so. In the same way, the leading behavior of X at z = 0 is found to be
where the aforementioned ambiguity appears at O(z 4 ), hence again does not affect the result. In Appendix A, we show the series expansions of X In terms of X (n) ℓ , the result is expressed as
where Let us now calculate the gravitational wave forms and luminosity up to O(v 8 ) beyond Newtonian. The task is straightforward but tedious. So we only show the key equations. The calculations have been performed with the help of the computer manipulation software Mathematica. We follow the notation of Poisson [13] to describe the post-Newtonian expansion of gravitational wave forms and luminosity. Namely, we express them as
Luminosity
The procedure is straightforward. First we obtain R in ℓ from Eq.(40) and B in ℓ from Eq.(18). Then we insert them to Eq.(10) and set z = mv and ǫ = 2mv
3 to obtain Z ℓm . Finally, inserting them to Eq. (12) and expanding the results with respect to v, we obtain η ℓm .
The explicit forms of η ℓm are given by 
Wave forms
Noting the form of the spherical harmonics, s Y ℓm (θ, ϕ) = s P ℓm (θ)e imϕ , and that of A in ℓ given by Eqs.(30) ∼ (33), we find the wave form is in the form,
This suggests that it is more convenient to introduce a new phase variable ψ as
An advantage of introducing the phase variable ψ is that we directly see the postNewtonian corrections at O(v 3 ) to the phase of waves. These phase corrections at O(v 3 ) delay the arrival time of the wave to the observer and express the tail effects. From Eqs.(30) ∼ (32), we also see the tail effects at O(v 6 ) on the phase. In passing, we note that if one expanded A in ℓ in terms of v, there would appear terms like (ln v) 2 at O(v 6 ). Then one would be surprized to see the cancellation of them in the calculation of O(ǫ 2 ). However in our approach, we see from the beginning that such terms do not exist. Together with the fact that there are no ln v terms at orders smaller than O(v 5 ) and no (ln v) 2 terms at all in X in ℓ , we readily foresee that there will be no (ln v) 2 terms in dE/dt to O(v 8 ), as we have explicitly seen in the previous subsection.
Using ψ we obtain
where W ℓm is defined as
Now from Eq.(42) and using the explcit forms of −2 P ℓm (θ), it is straightforward to obtain ζ +,× ℓm . The explicit wave form for each ℓ and m are given in Appendix B.
Comparison with the numerical result
In this section we compare our analytical result for dE/dt with the numerical result calculated by Tagoshi and Nakamura [11] .
The numerical values of the coefficents in the luminosity formula calculated in this paper are given in Table 1 we see that their coefficient of v 8 differs from the true value about ∼ 20%, while all the other coefficients are in very good agreement with each other. This difference is within the error estimated in their paper. However, we find that in fact their numerical data turn out to have much better accuracy. The reason is as follows. In Ref. [11] , the coefficients are calculated by least square fitting, but taking account of ln v terms only at O(v 6 ) and O(v 8 ). However, since they calculated the gravitational waves to ℓ = 6, their data correctly contain contributions from the orders up to O(v 9 ) of the post-Newtonian expansion and some constributions from yet higher orders, provided the data have enough accuracy. Hence we have recalculated the coefficients using their numerical data by least square fitting, including v 9 ln v and v 10 ln v terms. The result are given in Table 1 (b). We find that even the coefficient of v 8 agrees with the analytical value within 1%. This suggests that their data do actually give the coefficients to O(v 9 ) of the post-Newtonian expansion with high accuracy, hence the values of the coefficients of v 9 and v 9 ln v given in Table 1 (b) are expected to be good approximations to the true values.
An estimate of orbital phase of coalescing binaries
In this section, based on our results, we discuss the accuracy of the post-Newtonian expansion to construct the template wave forms from inspiraling compact binaries. Although our results are valid only for the test particle limit, µ/M ≪ 1, we ignore this fact in the following. Since the effect of non-vanishing µ/M would only increase errors in the estimate, our estimate below may be regarded as an optimistic one.
The total cycle N of gravitational waves from an inspiraling compact binary during sweep through, say, the LIGO band is
where f is the orbital frequency, t i (t f ) and r i (r f ) are the initial (final) time and the orbital separation of the binary, respectively, and we have assumed quasi-periodicity of the inspiral orbit. Then expanding both the numerator and denominator with respect to v, N is expressed as
where x = (M/r) 1/2 and the series forms in the denominator and numerator sympolically represent the post-Newtonian corrections to the dE/dr and dE/dt, respectively, i.e,
To examine the accuracy of the post-Newtonian expansion, we introduce N (n) which is defined by
To be specific, we assume the detectable frequency band to be from 10 Hz to 1000 Hz and the quasi-periodic inspiral stage ends at r = 6M. So, r i is the radius at which f (r i ) = 10 Hz, and r f is the one at which f (r f ) = 1000 Hz if r f > 6M and r = 6M otherwise. For (1.4M ⊙ , 1.4M ⊙ ) neutron star binary, we have r i = 175M and r f = 8M. Then we obtain N (5) = 16220.13, N (6) = 16211.03, N (7) = 16211.93 and N (8) = 16211.91. For (1.4M ⊙ , 10M ⊙ ) binary, r i = 68M and r f = 6M, and we obtain N (5) = 3484.83, N (6) = 3466.56, N (7) = 3468.60 and N (8) = 3468.27. For (10M ⊙ , 10M ⊙ ) binary, r i = 47M and r f = 6M, and we obtain N (5) = 581.39, N (6) = 574.49, N (7) = 575.29 and N (8) = 575.15. From these results we see that for (1.4M ⊙ , 1.4M ⊙ ) binaries, the post-Newtonian expansion to O(v 7 ) will be necessary to accurately predict the total cycle. However for (1.4M ⊙ , 10M ⊙ ) and (10M ⊙ , 10M ⊙ ) binaries, the convergence seems to be slow. The error in the total cycle seems marginal, ∆N < 0.5, even including up to O(v 8 ). Further, if we regard the value of the coefficient of v 9 in Table 1 (b) to be approximately correct, about 700, the contribution from O(v 9 ) may be comparable to O(v 8 ). For these binaries, more detailed analyses are needed.
Conclusion
Based upon formulae developed in Paper I, we have analytically perfomed the postNewtonian expansion of the gravitational waves from a test particle in circular orbit around a Schwarzschild black hole.
We have calculated both the gravitational wave forms and luminosity to order v 8 beyond Newtonian. In particular, we have given the exact analytical values of the coefficients of ln v terms at O(v 6 ) and O(v 8 ) in the luminosity. The existence of such terms was found previously in a numerical analysis by Tagoshi and Nakamura [11] . We have found that their numerical results are in very good agreement with our analytical ones.
We have also estimated the accuracy of the post-Newtonian expansion to predict the total cycle of coalescing binaries. For (1.4M ⊙ , 1.4M ⊙ ) binaries, we have found that the post-Newtonian expansion up to O(v 7 ) will be sufficient to construct accurate theoretical templates. However for (1.4M ⊙ , 10M ⊙ ) and (10M ⊙ , 10M ⊙ ) binaries, accuracy to order higher than v 8 seems to be necessary. Although valid only in the test particle limit, our analytical results should be reproduced in the conventional post-Newtonian calculations which are not restricted to the test particle case. Hence our results give a useful guideline for the future researches in the gravitational wave physics of coalescing compact binaries. 
